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Kuiscoruil nayionanvnutl ynigepcumem 0yoigHuymea i apximexkmypu

MOJEJIOBAHHSI JTMHAMIYHUX CUCTEM 3
SANIBHIOBAHHSAM 3A 1OIIOMOTI' OIO Y3AT'AJIBHEHUX
METO/IB PYHI'E-KYTTH

Poszenadaemoves cucmema oupepenyianbhux pisHsaHb 3 OEKIIbKOMA 3MIHHUMU
3ANIZHIOBAHHAMU, WO € MAMEMAMUYHOI MOOELII0 6A2amboX MEeXHIUHUX Npoyecie 3
3aNI3HIOBAHHAM Y Yacl. {15l OGHUX cucmem OMmpUMAano y3a2anbhents Mmemooie Pynee-
Kymmu ma ecmanosneno tio2o anpoxcumayiii 1acmueocmi.

Kniouosi  cnosa: Cucmemu Ougepenyianvhux pieHsanb 3 3aNi3HIOBAHHSM,
memoou Pynee-Kymmu, uucenvni memoou, ekcmpanonayis.

IMocTanoBka npodaemu. OCTaHHIM YacOM CHOCTEPIra€ThCsl BEIUKHIA 1HTEpeC
JI0 JMHAMIYHMX CHCTEM, 10 MaloTh 3alli3HIOBaHHA y 4aci. /luHamiuHi nporecu
MOB’sI3aHi 3 Mepelavyer0 MacH, eHeprii, iHpOopMaIil CympOBOIKYIOThCS HAsSBHICTIO
3ami3HIOBaHHA. Take 3aIi3HIOBaHHS MOXE OyTH OOYMOBJICHE PI3HIMHU MPHIUHAMEU —
O0OMEXKEHICTIO MIBUIKOCTI TOIIMPEHHS B3a€MOJIi1, HASBHICTIO 1HEPIIIHHOCTI IESKUX
€JIEMEHTIB, 0OMEKXEHICTIO MPOTIKAHHS TEXHOJIOTTYHUX MPOIIECIB Ta iHIIIE.

AHai3 0OCHOBHMX JAOCTiTKeHb i myOuaikaniid. ®akropamu 3ami3HIOBaHHS HE
MOYXHA HEXTYBaTH B IH)KCHEPHHUX JOCIIPKCHHAX TIPH PO3TIIAI BEIHKHIX 32 PO3MIpOM
MEXaHIYHMX CHCTEM 1 HaBIAaKd B HAaHOCHCTEMax TermooOMiny. Tak mpoiiec
NOIIMPEHHS TeIla B Jy)KE MaluX CHCTEeMax He MOKe OyTH KOPEKTHO OIHMCAaHUH
3BUYAHHUM PIBHSHHIM TEIUIONIPOBIJHOCTI, OCKIIEKM BOHO OTPUMAaHE 3a MPHITYIEHHS
HECKIHYCHHO BEJIHMKOI IMIBUAKOCTI PO3IOBCIOKEHHS Teruia i qudy3iiiHOTO XapakTepy
PO3MOBCIO/DKEHHST HOCIiB Temna. B Mamux cucremMax e HE BHKOHYETHCS, TOMY
MOTPIOHO BPaxOBYBATH 3aIli3HIOBAHHS TU(PY3IHHOTO TPAHCIOPTY 1 OamicTHYHUI
XapakTep PO3IMOBCIO/PKEHHS TEIUIa, IO HPHBOIUTH 0 CHUCTEM JAU(EpeHIiatbHIX
PIBHSHB 3 3aIi3HIOBaHHM [3, 4].

VYV GaraTboX BHIAAKAX CKIATHHUX (i3uKo ab0 (i3MKO-MEXaHIYHHX IPOIECIB
HamMCaHHS YiTKOT MaTeMaTWYHOI MOJENi BHKIWKae Benuki TpyaHour. Toxi
JIOBOJMTBCS JUIS OINUCY BIUIMBY JAESKMX (PAKTOPIiB BBa)KaTH, IO BiJl BIUIUBY JO
YITKOTO HACIIJIKy TNPOXOJUTh JNESKUH NPOMDKOK Yacy — 3ali3HIOBaHHSM, IO
MPUBOIUTE JIO CUCTEM TU(EPCHIIAILHIX PIBHIHB 3 3aIli3HIOBaHHAM [7].



OcHoBHa 4vacTuHa. MaremMaTndHa MOJAENHh JTUHAMIYHHX IIPOIECIB 3
3aITi3HIOBAaHHAM OIMCYETHCS AM(EpeHIiaTbHIM PiBHSIHHAM 3 3alli3HIOBaHHAM a00 B
OUTBIN CKJIQIHUX BUIMAAKAX CHCTEMOIO AU(EpeHITiaTIbHIX PIBHAHB 3 3aITi3HIOBAHHSM.

Haiinpocrinie nudepeHuianbHe piBHAHHS 3 OJHHM CTajlMM 3aIli3HIOBAaHHSIM
7> 0 mae Bursg

dy(t
D P, M)
ne F: R SR — nesika QyHKITiS.
3amaua Komi nomsdrae B BifIIlykaHHI HETIEPEPBHOTO PO3B’ 3Ky V(f) PIBHSIHHSA
(1) mpu t>t¢,, 3a ymoBu, mo y({)=¢(t) npu t,—r<t<t,, ne ¢@(t) — 3agaHa
HenepepsHa (yHkuis. Binpizox [f,—7;f,], Ha sAKkoMy 3anaHa MOYaTKOBA (YHKIIis

(1), HA3UBAETHCS MTOYATKOBOIO MHOKHHOIO 1 [O3HAUAETHCS E, .

Uucno 7 BU3HAa4Yae€ BeNMUMHY HachinkiB. Skmo 7=0, TOo0TO micmsmis
BIZICYTHS, TO PiBHSHHS (1) NEepeTBOPIOETHCS B 3BMUaliHE A(epeHITiaIbHe PIBHIHHS

@m=Fmﬂ& )

dt

V piBHAHHI (2) MWBHIKICTH TUHAMIYHUX TIPOIECIB BU3HAYAETHCS CTAHOM
CHUCTEeMH B 3aJlaHMi MOMEHT dYacy [, TOOTO B MaTeMaTW4Hii Mmojenmi (2) He
BPAXOBY€ETHCS 3ANEKHICTh IMIBUAKOCTI TUHAMIYHUX TPOIECIB BiJ CTaHy CHCTEMH B
MOMEHT dacy, o nepeaye !. BpaxyBaHHS i€l 3aJeKHOCTI, TOOTO BIACTUBOCTEH
maM’sTi 1 CIAaaKOBOCTI JUHAMIYHOI CHCTEMM, IICISAAis B 3aKOHI B3aeMOmil B
JUHAMIYHIN CUCTEMI IPUBOAUTH 0 piBHSHHSA (1).

Sxmo B piBHsHHI (1) i B moyaTkoBuX ymMoBax y(¢), F 1 ¢(t) BBaKaTH BEKTOp-
GyHKIOIIME, TO MH OTPHMAaEMO IIOCTAHOBKY 3ajmadi Komr s cuctem
T epeHIliaTbHAX PIBHSHB 3 3aITi3HIOBAHHSM.

B 3arampHOMY BHMAIKy 3aIli3HIOBAaHHS MOXYTH 3MIHIOBATHCS 3 TUIMHOM YacoM,
TOOTO 1:1(1)20. VY BumaaKy 3MIHHOTO 3ami3HIOBaHHA 7 =7(f) B piBHsHHI (1)
HEOOXiTHO 3HAWTH PO3B’SA30K LILOTO PIBHSAHHA HpH f>f,. Ha mo4yaTkoBiif MHOXUHI
E, , sKa CKIafaeThcs 3 TOUKHU 7, 13 TUX 3Ha4eHb ¢ —7(¢), AKi MEHIII 3a f, IpU ¢ > ¢,

0>
YO =@).

JlocIipKeHHIO PO3B’S3KIB PI3HOTO TUIY MU(EPCHIATbHUX PIBHIHb Ta CHCTCM
3 3aIi3HIOBAaHHAM IPUCBSTYCHO OaraTo poOiT pisHux aBTopiB [1], [2], [5], [6], [7]. [Ipu
JOCTI/DKEHHI MAaTeMaTUYHHUX MOJENCH 3 3alli3HIOBAaHHSIM BHKOPUCTOBYIOTh YHCENbHI
METOJH, METOJM YCEPEIHEHHS Ta METOJl po3Kiiaay B psix Teilsiopa 1o 3ami3HIOBaHHIO.

Cucremu qudepennianbHuX piBHAHD 3i 3MiHHUM 3aMi3HIOBAHHAM

Mu posrisgaeMo y3araabHeHy cucTeMy audepeHIiadbHuX piBHIHL 31
CKIHYEHHOIO KiJIbKICTIO 3MiHHHX 3aITi3HIOBAHb:



B (0 (=5, (1) (15, 1) ©
5 YO =(3 D)y’ (t)),f:(f son /") = BEKTOD-(yHKL.

TTouaTkoBa ymoBa:
y(t)=p(t), te[£* =D, 1], e p(t) = (¢’ (1),...0" (1)) (4)
DQynkuii 7,(¢),..,7,,(f) 3a10BOJIBbHAIOTH YMOBI:
d<t,(t)<D,..d<t,(t)<D, t=1°, )
ne d >0,D>d — ngesixi craii.

m

Teopemu icHyBaHHA 1 €TUHOCTI po3B’ 3Ky A 3agaui Komri (3)—(4) 3a ymoBH
(5) anayoriuni TeopeMam iCHyBaHHS 1 €IMHOCTI po3B’s3Ky 3aaaui Ko juist cucrem
3BHYAHHUX Au(epeHIianbHuX piBHIHb [8], [9].

Cucrema paudepeHIiaJbHAX pIBHIHb 3 OJHHM CTaJHM 3alli3HIOBaHHIM
posrisiganacs B podoti [11]. [t mocimimkeHHs Takoi CHCTEMH BUKOPHCTaHI METOTN
Pynre-Kyrtn. Mu y3aranmbHUMO MeTomaw Pynre-KyTtm uis BHIIAAKy cHUCTeM 3i
CKIHYEHHOIO KUTBKICTIO 3MIHHUX 3aITi3HIOBAHb.

Hosnauumo (1) =y (1), te[ t,—D, to]. Hexait y — Bimoma QyHKIIisI, TOOTO

BiJIOMHI PO3B’I30K IO JESIKOTO MOMEHTY 4acy f,, £, >{°. Toni Bpaxosytoun (5)

M = (63 () (=7 (1)) (1 -7, (1)) =
—f (fy(f)’ (t=71(1)) 53 (=7, (1)) = ©6)

=7 (t.y(1)),
e f(t,y)zf(t,y,j;(t—rl(t)),...,)?(t—rm(t))).
[

Ortpumaemo  Ha  mpoMmikky €[ f, f,+d]|  cucremy  3BHuaiiHux

JTuepeHIliaIbHUX PIBHIHb:

dy’ -
ydt(t) = 77 (63 (1) (1)) T =250 (7

Toni s - crapiitHuit MeTo] PyHre KyTtu s orpumanoi cuctemu (7) Ma€ BUTTISA:

g —yo+Za,,hf(t e g gl ) = s,

y o=y, + ijhf(to re g g (8)
j=1

1
t=t,+h,
e yOJ — II0YaTKOBE 3HAYECHHS, y,J— IrykaHe HaOJMKCHHS HeBiZIOMOi (DyHKIIIT yj ,3a

OJIMH KPOK YHMCENBLHOTO iHTErpyBaHHs s, g’ — monepenHi HaGJMKEHHsS PO3B’A3KY



TEepUIOro Nopsaxy, J =2,...,n. Koediuienrn a,,b, Busnauarors Metoxn Pynre-Kyrru,

y)
i—1

t, — IOYaTKOBE 3HAUEHHS 4acy, ¢, = Zau , Zb =1[10].
j=1 J=1

3ayBaxuMo, 1o MeTof (8) Mae MOPsIOK ampokcuManii p, SKIIO Ul TOCUTh
TIIaAKuX 3a1a4 (7) Mae Miclie HaCTyITHA HePiBHICTb:
ly(tg + 1)y =y < KR, p(6) = (37 (1) 50" (1))
"(0)-

INoepratouncs 10 GyHKUil / orpumaemo s - craaiituuiit meron Pynre-Kyrru

ne K —crana, a "y(t)" = |y2 (1)

JUTSL CUCTEM 3 3aIli3HIOBaHHIM BUIIIALY (3):

gA—y0+Za”hf(t +ch,g,,y (t +ch- Tl(l‘ +ch))
...,)7(IO+c_ih—z' (t +c, h))) i=1,...,s,
=Y, +Zb hf(tO h,g;s (t +ch- Tl(t +c; h)) ©)
(

...,J?(t0+cjh—z' t0+ch))
t'=t,+h,
g :(giz,...,gi”), i=1,...,s,
ne yO:(yOZ,...,yon) — IOYaTKOBE 3HAYCHH, y,:(y]2,..., y,”) — IIyKaHe

HaOMMKeHHs HeBimoMoi QyHkmii V(f) 3a OJMH KPOK YHMCENBHOTO iHTETPYBaHHS

h<d.
OCKiTbKM  TIpU  YHCENBHUX OOpaxyHKax Hemae To4HOI (yHKIiT ()

(mepemicropii Monem), To 3a Hei OepeThCs HOTO HAONMKCHHS, OTPHUMaHe Ha
MOTIepETHIX KPOKaxX YrceabHOro iHTerpyBanus [11]:

(1), te[tO—D, t"],
¥(0), te(z", tOJ.

Je y(t) —HabnukeHe 3Ha4EeHHS PO3B 3Ky y(¢), f € (to, tOJ.

(10)

Teepmkenns 1. Skimo mopsnok HaOMMKEHHS Po3B’s3Ky y(f) piBHHE p,, a
nopanok anpokcumanii merony Pynre-Kyrru (8) piBauit  p,, Tomi mopsaok
anpokcnMarii Metony Pynre-Kyrrm mns cuctem 3 3amizHioBaHHSIM (9) piBHUIMA
p=min{p +1,p,}.

JloBeieHHsl. YMOBH TBEp/UKEHHS CIIPABE/UIMBI 32 YMOBH BUKOHAHHS BUMOT
TEOpPEeMH ICHYBaHHA 1 €TUHOCTI po3B’si3kKy 3amaui Komri. Ilpu mpomy ¢yskmis f

HerepepBHa 1 3370BOJIbHsIE yMOBY JIimmmIst 3a BciMa apryMeHTaMu, MOYMHAIOYH 3
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apyroro. JliiicHo, Hexait L wmaii6inbia 3 xoucrant Jimmwus ans f2,..., f". Toxi

MaeEMO

y(t, +h) -y, —Zv:bjhf(to + cjh,gj,j/(to + cjh -7, (to + cjh)),...
J=1 =

"y(tO +h)_y1":
...,)7(% teh-t, (tO * cf'h)))

J=1

(1, +h)ir[y0 +ibjhf(t0 +cjh,gj,y(.),...,y(.))J
<

_— —ibjhf(to +h g7 (-)nn 3 ()

=1
ijhf(’o +h gy () ,y(.))
Sthp2+l n j=1 =K2hp2+l +

=Y b (14 e g5 (), ()

j=1
+J§";2|bj|h\ff (1 +¢,hg; (Do ()) =17 (1 + cjh,gj,y(.),...,y(.))\ <
—~ =
< K +Zn:2|bj|hiL“y(to e, (t,+ ¢ h) - 3(t + e, +cjh>)“ <
J=2 j=1 i=1

<K+ (n-1)Y

Jj=1

b, |hLK,mh"* < K",

Sxmo B Meroni (9) h>d, TO MOXKIMBO, IO AN NEAKUX T, e{rl,...,rm} Ta
Jje {1,...,s} mae wmicue f,+ch—71, (to + cjh) >1,, TOAl HeoOXiiHe HaOIMKeHe
3HAYEHHA PO3B’A3KYy J(f) B MOMEHT yacy ¢ >¢,. To0To:
(1), te[to -D, to],
F(6)=150), te(?, 1, ], (11)
v, t>1,,
Je y(t) — HabmuKeHe 3HaueHHs po3B 3Ky y(f), ¢ > ¢,.
3a3Buyail 3HaueHHA QYHKUiH  y(f), y(f) OTPUMYIOTH BIINOBIAHO 3

IHTepPIONIALIl Ta eKCTPamoJAlii 3Ha4eHb pO3B’A3Ky Ha MOMEpPeiHIX KpoKax
3actocyBanHs MeToay Pynre-Kyrru [11].

TeepazkeHnHs 2. SIKumio mopsiiok HAONMKEHHS PO3B’sI3Ky )(f) piBHUH p,,
»y(t) piBHUH p,, a mopsgok anpokcumanii Mmeroxy Pynre-Kyrru (8) piBuuii p,, Toai



TOPSIZIOK  arpokcuMartii meroxy Pynre-Kyrtm mms cucrem 3 3amisHroBaHHSAM (9)
piBanii p=min{p, +1,p, +1, p}.

YMOBH TBEPIUKEHHSI CIIPABE/UIMBI 32 YMOBM BHMKOHAHHS BHMOI TEOPEM
ICHYBaHHS 1 €TMHOCTI po3B’s3Ky 3anadi Komri. [Ipu nmpomy QyHKIlis f HemepepBHA i
3a7l0BOJIbHAE yMOBY Jlinmmims 3a BciMa apryMeHTamMH, MOYHHAIYH 3 APYIrOro.
JloBeieHHsI aHAJIOTIYHE MOTIEPETHFOMY TBEPIKCHHIO.

[Tepenmmiemo (9) B OUTBIT 3pyIHOMY JIJISl TPOTpaMyBaHHs BUIIISI. 1)1 IbOTO
1

. d .
nosHaunMo y' =¢, Tomi dL =1. Toxi cuctema (3) MaTuMe BUTIISIIT:
t

dy(t) =F(v().(t=7.(2))sr (=7, (1)),

(13)
y= (y, ) f (L),
Meron (9) mae BI/IFJISI[[‘
yO+Za (gj, ( —z'l(gil/.)),...,)?(g;—z'm(gj.))), i=1,..,s,
=Y +ib,h_(g,,i(g} -7,(g})) 7 (g -7 (g}))), (14)
=
g :(gil, ..,gi”), i=1..,s
Abo:
i-1
g/ =y + 2 (gl 7 (2 -7 (g))) -7 (2 -7 (2)))
j=1
...,j/z(g}—rm(g})),...,j/”(gl.—rm(g}.))), i=1,..,5,
(15)

v =yl +ibjhfj (gj.,...,g;,j/z (gI/ 7 (gi)),)?” (gi -1 (gj)),
j=1

...,j/z(gl. -7, (g})),...,j/” (gl -7, (g;))), J=1,..,n

Hexait mopsimox ampokcuMariii Merony Pynre-Kyrru (8) piBHumit p. [Jns
IHTepIoJALil PO3B'A3Ky BUKOpUCTaeMO moiiHoMm Jlarpamxka mopsaky p—1,
nobynoBanuii o p Toukam y'. Tomi mopsaaok anmpokcumanii MeToxy Pymre-Kyrrn
JUTSL CUCTEM 3 3ammi3HioBaHHAM (14), 3riIHO TBEp/DKEHHIO 1, TeX PIBHHHA p 32 YMOBH
h<d.

SAxmo /A >d, TO mIs eKcTpamoAmil mepemicTopii BUKOPUCTAEMO, SK 1 B
3BUYaiiHuX Metonax Pynre-Kyrrw, meron Einepa. Tomi, sikmo B (14) mis meskux
T, € {rl,...,rm} Ta j € {1,...,s} BHUKOHYETHCS HEPIBHICTB g‘/‘.—z', (g ;) > t,, OTPUIMAEMO

Weh-n(e) =2 (e -7 () -2i) (20 7(gi ~n(eh)),  (6)



Ie gke{gl,...,gf} — Haiféiwkye mo wacy g, 110 g'/.—r,(g‘],) mopaxoBaHe

HAaOMIDKEHHS TEpIIOro TMOPSIKY. ATPOKCHMAINS MOPSAKY 2 JaHOTO METOIy
BUILTUBAE 3 TBEPIUKCHHS 2.

3ayBaxennsi. Ilpu excrpanossiuii nepexicropii 3a meronom Eiinepa (16)
meron (14) mpu 7,(¢)=0,..,7, (1)=0, t2° cnismanae 3 Metomom Pynre-Kyrru ams

CHCTEM 3BHYAMHUX IU(epeHLiaIbHIX pPiBHsAHB. JlificHO, sKIIO T,(Z) =0,1>¢° , TO
HAHOIIKINM 10 g; -1 (g;) Oyne g}, T00TO B dopmyi (16) g, =g;, [=1,...m,
j=1,.,s. Tom pisuicts (16) mpu 7,(¢)=0,.,7,(1)=0,1>¢" wmae Burmsm

y( g; ) =g;,j =1,...,s, O BiANOBi/1a€ 3Bu4aiiHoMy meToy Pynre-Kyrrh.
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MOJAEJIMPOBAHUE IMHAMWYECKNX CUCTEM C 3AITA3AbIBAHUEM
IMTP1 TIOMOIIM OFOBIIEHHBIX METOZAOB PYHI'E-KYTTbI

Bonnmapenko H.B., k.¢.-m.H, monenr, [Teayk B.JI.
Kuesckuii nayuoHanbHbill yHugepcumem cmpoumenbcmed u apxXumeKmypbl

PaccmatpuBaetcst cucrema mudGepeHIInalIbHBIX YPaBHEHUH C HECKOJIbKUMHU
[IEPEMEHHBIMU 3aI1a3/(bIBAHUSAMU, YTO SIBJSIETCS MATEMaTHUECKOM MOJENIbI0O MHOTHX
TEeXHHUUECKHX IPOLECCOB C 3ama3iblBaHueM BO BpemeHu. Haubonee wacto ams
MOJICTTHPOBAHUS TAKUX CHUCTEM HCIIONB3YIOT YUCICHHBIE MeToabl Pywre-KyTThl, n
METO/1 pa3ioxeHus B psan Teinopa no 3ana3asiBanuto. Panee meroast Pynre-KyTTs
NPUMCHSIIHCH [T CHCTeM Ju(GepeHINANBHBIX YPABHECHHN C OJJHUM IIEPEMCHHBIM
3amnasjbiBanueM. B padote nonyueHo ododmenne meronos Pynre-KyTTsl st cucrem
qudQepeHIaTbHbIX  YpaBHEHMH, HWMEIONMX KOHEYHOE YHCIO TEPEMEHHBIX
3ama3IbIBaHAHN, YTO 3HAUNTEIBHO PACIIMPSeT KIacc 3a71ad, Uil KOTOPBIX IPUMEHUM
JNaHHbI MeToJ. Taxke DaHHBIE METOA HMEeT MpEeHMYIecTBa Mepes METOAOM
pasnoxkenus B psa Teitnopa, Mo 3ana3gbIBaHUIO TOCKOJIBKY TIPUMEHUM IS CUCTEM C
HECKOJIBKUMH TIEPEMEHHBIMH 3aIa3AbIBAHUAMHE, YI00CH JUIA MPOTPaMMHUPOBAHUS, H
HE WIMEET OTrPaHWYCHUH HA BENMYMHY 3amas3jibiBaHus. i 00O0OIICHHS METOMOB
Pynre-KyTtThl 1151 cucrem ¢ 3ama3blBaHUEM HCIOJIb30BaUCh MeTObl PyHre-KyTTbl
Uit cucteM auddepeHnnanbHbIX ypaBHEHUH, Oe3 3ama3/blBaHusl BO BPEMEHH, U
HWHTEPIIOJIAIIS M SKCTPATIONSAINS TIPEIBICTOPUN. Y CTAHOBIICHO alMPOKCHMAIIHOHHBIE
cBOMCTBa 0000meHuss MeronoB PyHre-KyTThl mist cucteM ¢ 3ama3fplBaHHeM. A
MMEHHO [I0Ka3aHa CBs3b NOpsAKa amnmnpokcUMauuud MeToaoB Pynre-KyTTsl st
CHICTEM, C 3alla3IbIBaHUEM, C TIOPSIKOM aNMPOKCHMAINH MeTo10B PyHre-KyTTer ms
cucteM Oe€3 3ama3gblBaHUSd W IIOPAAKOM alMpOKCHMAIMX HHTEPIOSIUN |
SKCTPATIOJSAIUH IPEIBICTOPHU MoJIeNi. TakuM 00pa3oM, YCTaHOBJICHO, YTO MOPSIIOK
anmnpokcuManuu Merona PyHre-KyTTel anst cucteMbl ¢ 3ama3[IbiBaHHEM OyJeT
MHHAMYMOM TOPSIKOB ammpoKcuManuu Metoma Pynre-KyTTsl mis cuctems! 6e3
3ana3/iblBaHUs. U IOPSAKOM aIlIPOKCUMALUM HHTEPHOJSALUUMM M 3KCTPANOJISLUU
NPEIbICTOPUM  MOJENM YyBEIMYEHHBIMU Ha eauHuny. Ha ocHoBe jmaHHOrO
YTBEP)KACHUS CAETAHBI BBIBOJBI, YTO CCIIM UCIIOIB30BATh B KAUECTBE MHTEPIOISALIUI
IpeAbICTOpHH TMoAWHOM Jlarpamka IO KOJHYECTBY Y3JIOB COBIAIAIONIEMY C
TTOPSIIKOM aImpoKcuMaImu Metona PyHre-KyTTsl ms cuctemsl 0e3 3ama3abIBaHus,
TO TpU JOCTATOYHO MayjoM Imare Meton Pynre-KyTTsl s cucTeMsl c
3ama3abIBAHAEM COXpaHSIET TOPAOK ammpoKcHUMaIuu merona Pynre-KyTter 6e3
3ama3fpiBaHnsA. be3 orpaHWueHnii Ha JUIMHY IIara IpH HCIOJIB30BAHUM IS
SKCTPANOJIALMK peleHuss MeToAa OJiliepa, yCTaHOBJIEHO, YTO B TaKOM Cllydyae
HOPSIIOK aNIpOKCUMAaMu MeTofoB PyHre-KyTTel 11 cuctemsl ¢ 3ama3iblBaHHEM
Oosee IBYX.

Knouegvie crnosa: Cucmemvt oupepenyuanvuvlx ypagueHuil ¢ 3anazovléanue,
Memoovl Pynee-Kymmul, yuciennvle Memoobt, IKCMpanonsiyus.
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MODELING OF DYNAMIC DELAYED SYSTEMS BY USING
GENERAL RUNGE-KUTTA METHODS

Ph.D., Associate Professor Bondarenko N.V., Pechuk V.D
Kyiv National University of Construction and Architecture

A system of differential equations with several variable delays is considered,
which is a mathematical model of many technical processes with time delay. Most
often, numerical Runge-Kutta methods and the Taylor series expansion by delay
method are used to model such systems. Previously, Runge-Kutta methods were used
for systems of differential equations with one variable delay. A generalization of the
Runge-Kutta methods for systems of differential equations with a finite number of
variable delays is obtained, which significantly expands the class of problems for
which this method is applicable. Also, this method has advantages over the Taylor
expansion method in terms of delay since it is applicable to systems with several
variable delays, is convenient for programming, and has no restrictions on the value
of delay. To generalize the Runge-Kutta methods for systems with delay, we used
Runge-Kutta methods for systems of differential equations without delay in time and
interpolation and extrapolation of the redistribution. The approximation properties of
the generalization of Runge-Kutta methods for systems with delay are established.
Namely, the connection between the approximation order of the Runge-Kutta
methods for systems with delay and the approximation order of the Runge-Kutta
methods for systems without delay and the approximation order of interpolation and
extrapolation of the model history is shown. Thus, it was established that the
approximation order of the Runge-Kutta method for a system with delay will be the
minimum of the approximation orvders of the Runge-Kutta method for a system
without delay and the approximation order of interpolation and extrapolation of the
model history will be increased by one. Based on this statement, it is concluded that if
we use the Lagrange polynomial in the number of nodes that coincides with the
approximation order of the Runge-Kutta method for a system without delay, then,
with a sufficiently small step, the Runge-Kutta method for a system with delay retains
the approximation order of the method Runge-Kutta without delay. Without limiting
the step length when using the Euler method for extrapolating a solution, it was _found
that in this case the approximation order of the Runge-Kutta methods for a system
with a delay of more than two.

Keywords: Systems of delayed differential equations, Runge-Kutta methods,
numerical methods, extrapolation.



