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3ACTOCYBAHHA KOJIA IPU TEOMETPUYHOMY
MOJAEJIOBAHHI IIVIOCKUX OBBO/JIB

Hayionanvnuii mexuniunuu ynisepcumem Yxpainu « Kuiscokuti nonimexuiunuu
incmumym imeni I12ops Cikopcbko2o »

Ilpu ceomempuunomy mooenioganHio 00800i6 6 OLILUWOCTMI BUNAOKIG
3PYYHO BUKOPUCMOBYEAMU DIGHAHHSA KPUBUX, 3ANUCAHUX 6 NAPAMEMPUYHOMY
6udi. Ilpu yvomy npu MoOent08aHHI NIOCKUX 00800i8 Nepuioco NOpsioKy
2N1a0KoCmi ModCyms 6ymu 3acmocosanumu dy2u Kin. B cmammi 3anpononosano
CNOCiO BU3HAUEHHS NAPAMEMPUYHO20 DIBHAHHA KOJAAd (0yeu Koaa) ONsi 080X
cnocobig 11020 3a80aHHA: 3A80AHHS KOJIA MPbOMA MOYKAMU, A MAKOIHC 3A60AHHS
KON 080MA MOYKAMU | OOMUYHOIO 8 OOHIU 3 HUX. Busnauenns napamempuunux
Pi6HAHb Kil 8 000X 6UNAOKAX NPOBOOUNOCA 3 BUKOPUCMAHHAM NPOEKMUBHOL
cucmemu KOOpoOuHam.

B nepwomy eunaoxy Hna knacuune napamempuyHe pIGHAHHSA KPUBoi
O0py2020 NOPAOKY 6 NPOEeKMUBHI cucmemi KoOpOUHaAm 0N  GU3HAYEHHS.
HeBI0OMUX KOeIiyicHmMI8 PIBHAHHA HAKAAOANUCA YMOBU HAJEHCHOCHI MPbOX
3A0AHUX MOYOK Yill KPUBIU, NPUYOMY 3A0AHI MOYKU NPUUMATUC 3a 3 OA3UCHI
mouxku npoekmueHoi cucmemu. IIposedenns ompumanoi Kpueoi 0Opyeoco
NOpAOKY uepe3 YUKNIYHI MOYKU O00360]UN0  BUSHAYUMU 6CI  HeBIOOMI
Koe@iyicHmu piGHAHHA I, MAKUM YUHOM, GUIHAYUMU WIYKAHe NapamempuyHe
PIBHAHHA KOAA CNOYAMKY 8 NPOEKMUBHIU CUCmeMi KOOPOUHAM.

B opyeomy eunaoky ona cnpowenns 6Oyna obpana micyesa cucmema
aginnux KoopouHam, 6 AKiU 08I 3a0aHi mouku Oyau pozmawiosati Ha oci Ox
cumempuuno gionocro oci Oy, a mouxa Ha oomuuniu — Ha oci Oy. L]i 3 mouxu
Oyn0 npuuHamo 3a 3 OA3UCHI MOYKU NPOEKMUBHOI cucmemu KOOpOUHam, a
yemeepma mMouKa NPOEKMUBHOI cucmemu KOOPOUHAM — OOUHUYHA MOYKA —
oyna eusnayeHa 6 aghimHill cucmemi, SIK MOYKA, WO HANEHCUMb YbOMY KOJI).
Knacuune pisnanusa Kpueoi 0Opy2020 nopsaoKy 6 NpOeKmueHiti cucmemi
KOoOpouHam, aKa npoxooums yepes 3 OA3UCHI MOYKU NPOEKMUBHOI cucmemu i
0OMUYHA 8 080X 3 HUX 00 KOOPOUHAMHUX NPAMUX NPU YMOSI, WO O0OUHUUHA
MOYKA HANEHCUMb KO, € PIBHAHHAM WYKAHO20 KOJd.

llicna e6uznauenHs 000X WIYKAHUX PIGHAHb 6 NPOEKMUBHIU cucmemi
KOOpOuHam, 3a 00NOMO2010 (opmyl nepesody 3 NPOEKMUBHOI cucmemu 8
aginny, BU3HAUAOMbCA WYKAHI NAPAMEmpPUdHi PIGHAHHA Kil 8 aghiHHill
cucmemi.
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Knwouoei cnosa — napamempuune piHAHHA KOAQ, 3A0AH020 MPbOMA
MoyKamu;, napamempuyne pIiGHAHHA KOId, 3d0AH020 080MA MOYKAMU 3
OOMUYHOIO 6 OOHIU 3 HUX, YUKIIYHI MOYKU NIOWUHU, NPOEKMUBHA CUCMEMA
KOOpOUHam.

IMocranoBka mpobGaemu. Ilpy reoMeTpuyHOMY MOJIETIOBAHHI ILTOCKUX
0OBOJIIB TEPHIOTO TOPSAKY TIATKOCTI 3YCTPIYAIOThCA JUISHKH, SKI MOXYTh
OyTu omucaHl sk Ayru kona. [[ms aHamiTHYHOTO 3aBAaHHA AYT KPUBUX TPHU
IOMY 3aCTOCOBYIOTHCSI, K IIPABUIIO, TAPAMETPUYH1 PIBHSHHS.

Hinbs crarri. BusHauntu mnmapaMeTpudHi pIBHSHHSA KUI, 3aJaHUX a)
TpbOMa TOYKaMU;0) IBOMA TOYKAMU Ta JOTUYHOIO B OJHIH 3 HUX.

AHaJi3 ocTaHHiX mocjifkeHb i myoOaikauniii. B anamiTuuHili reoMerpii
JUIsl BCIX KPUBHUX JPYroro MOPSAKY BIAOMI KaHOHIUHI piBHsAHHA [1,2], s
eminca, mapabonu Ta TinmepOboiu — BeKTOpHO-mapameTpuudi [3,4]. YV [1]
HaBeJCHE PIBHSAHHS KOJIa, 337]JaHOTO TPhOMa TOYKAMHU:

x+yr x oy 1

2 2
X1+y X, B4

1
a4y x|
1

2 2
X3+Yy3 X3 V3

OcHoBHA vacTHHA. B mnpoekruBHiii cucremi xoopaummar P2 (puc.l)
napaMeTpUyYHe PIBHSAHHS KPUBOI JPYroro Nopsaaxky (K21m) Mae BUTIISAL:

pXy=a, +at+at’; px,=by,+bt+bt’; px,=cy+cit+ct’. (1)

1. Ha ocHoBi piBHsHHS (1) BH3HAUMMO NHapaMeTpUYHE PIBHSHHS KOJa,
3a/1aHOr'0 TPhOMa TOYKAMH.

IIpu ymoBi, mo kpusa (1) npoxoauts uepes G6asucui Touku 4, Bi C P* ta
Ma€ B LIUX TOYKaX Mapamerp #, sKUil JopiBHIOE BiANoBiAHO 0, 1 1 0o, piBHSIHHSA
(1) mpuiimae BUTIISAA:

pxo=a(l—1t),; px, =bt; px, =tt-1). ()

Jns  toro, mo0 oTpumaHe
pIBHSHHS OyJIO PIBHAHHIM KOJa,
MiJICTABUMO B piBHAHHA  (2)
KOOpJIMHATH  LMKJIIYHUX  TOYOK
TJTOIIMHH [5]

Pxg =vW(yep Tixcp)
Puc. 1. IIpoexktuBHa cuctema koopaunar  PX1 = WY e Tix ) ()
pxy =v(ypy tixg,),

70



A€ Ve = Ve = VpsXep =Xc = Xps Yauc =Va —VcsXuc =X4 — X

Vps =Vp —VysXpy =X —X,,v=—AE ;, /| BE ;,, w=—VBE ;. /CE 4.

Toni piBHAHHSA KOJIA, 33JaHOT0 TPHOMA TOYKaMH, B P? npuiiMac BUTTISL:
px, =vwe(l—=1t); px;, = wat ; px, =vbt(t —1), (4)

2 2 2 2 2 2
nea=x"ac+y ac,b=x"ga+y° B4, c=x"cs + yca.

B a¢inniii cucremi koopauHar 4° 1mykaHe napaMeTpH4HE PiBHAHHS KOJa,
3aJJaHOTO TpbOMa TOYKAMH, 3alHCaHE 3a JIOTIOMOTOI0 (OpMYIN TMEpPeXoay Bif
IPOEKTHBHOI CHCTeMHU KoopauHat P’ 1o adinnoi [6], Mae BUIIsL

B robt* + (ary —cr, —br)t +cr,
bt* +(a—c—b)t+c
1e r4, ¥, Fc — paalycu-BeKTOopu TO4OoK A,B,C
(npu 0<t<co piBHsHHSA (5) Bu3Ha4yae nyry ABC kona).
PiBHAHHS npsAMuUX, JOTUYHUX A0 Koja (5) B KiHIIEBUX Toukax ayru 4 ta C,
MaroTh BIAMOBIAHO BUTJISI;

)

y =k(X—XA)+yA, 1e k:ayBA +byAC,
axg, +bx ;-
a +b
Ta y:kl(x—xc)+yc,;[e kIZM-

axqp +bx 4

Koopnunatu nieatpa O(xo, yo) xona (5) Ta HOTO paaiyC BU3HAYAIOTHCS 32

xck = x4k =y 4ckk Xyt Vak—yck
dbopmymamu Xp = T , Yo = Py Ta
K — K
2
(k= +1)
R = W(yACkl +X40).
— K
A y 2. BusHaummo  pIBHSHHA  KOJja,
3aaHOro JIBOMa TOYKAMU Ta JOTHUYHOI B
B onHili 3 Hux. Hexait B 4% 3amani Touku A(-
a,0) ta C(a0), gKi Hajaexarb KOy, Ta
Eqs £ notuuHa AB (puc.2), npuaomy B(0,D).
A Tonmi piBHSHHSA TPsAMOi AB, TOTUYHOL
y C x 0  IIYKaHOTO  KoJIa, Ma€  BUIUIAL
= y=—x+Db. Pisusuusa npsmoi AK, ne Touka
a
K K — ueHtp 1mykaHoro Kkona, Oyne
2
a a
Puc.2. 3aBnanns xona y= —Zx T a Touka K mMae KoopAUHATH
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K (0,—2—2). Paziyc koma Mo)kHa BU3SHAUUTH 32 GOpMYIIOH0 R = #
Toni HesABHE PIBHAHHS IIYKaHOTO KOJIa B A° Mae BUIIIS
b*x* + (by +a*)? =a*(a® +b?). (6)
Touka E (puc.2), sxka HaJEXHUTh ILIYKAHOMY KONy, Ma€ KOOpPJAUHATH
E(0;a,/b), ne a, = a(\a* +b* —a). Touxu A,B,C ta E npuiiMaeMo 3a 6a3ucHi
touku P’. PiBHsAHHA K211, SKa IPOXOAUTH uepe3 Touku A, E, C ta Maec 10TUYHI
AB ta CB, B P? mac Burisz [1]
P =1; =t pxzztz (7)
(mapameTtp ¢ B Toukax A, £ ta C nopiBHio€ BianoBiaHo 0, 1 Ta o).

BekropHo-napameTpudne piBHAHHA Koja (7), 3amucane B A’ 3a
JIOTIOMOT 010 (hopMyJ1 TiepeBoy [3] Mae BUTJIST
_ TyXo +VIgX, +7eX, Ta = TE

r . oge v=—— fa (8)

Jns wxonma (8) v=2a,/(b—a;) 1 mykaHe mnapaMeTpU4HE PIBHSHHS KOJa,
3a2JIaHOTO JIBOMA TOUYKAaMHU Ta JIOTUYHOIO B OJIHIN 3 HUX, PUIMAE B A? BUTIAN
t2 -1 bt
ST 4 l+vi+1*

BucHoBkn Ta mnepcnektuBM. lllykaHi mapaMeTpuyHi pPIBHSHHS KT
BU3HAYCHO. 3aCTOCYBaHHS IUKIIYHUX TOYOK IUIOIMIMHA MOXKE OyTH KOPUCHHUM
Ipu  JOCIIDKEHHI Ta po3poOIll CMoco0iB TeOMETPUYHOTO MOICTIOBAHHS
TUIOCKUX MUKJTTYHUX KPUBHUX.
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IMPUMEHEHUE OKPYKXHOCTH ITPU TEOMETPHYECKOM
MOJAEJIUPOBAHUMU IIJMIOCKUX OBBOJ0OB

Kosanv I'M.
Hayuonanonwii mexnuueckuti ynusepcumem Yxpaunvl « Kuescxuii
noaumexuudeckuu uncmumym umenu Meopa Cuxopckozon»

[Ipu reomeTpuyeckoM MOAECIUPOBAHUU OOBOJOB B OOJBIIMHCTBE CIy4YacB
yA00HO HCMOIb30BaTh YPaBHEHUE KPUBBIX, 3aMIMCAHHBIE B TAPaMETPUUECKOM BH/IE.
[Tpu >TOM Npu MOAETUPOBAHUH IUIOCKMX OOBOJIOB MEPBOTO MOPSAKA TJIAJKOCTH
MOTYyT OBITh MNPUMEHEHBl AYI'M OKpYXHOCTeH. B craThe mnpenioxkeH crocod
orpesieNieHUs] TapaMeTPUUECKOT0 YPaBHEHHS OKPY>KHOCTH (JyTH OKPYKHOCTH) IS
JIBYyX CMOCOOOB €€ 3aJaHus: 3aJaHUEe OKPYKHOCTH TpeMs TOYKaMH, a TaKkKe
3alaHi€ OKPYXHOCTH JBYMsI TOYKAMH U KacaTelbHOW B OJHOM U3 HHX.
OnpeneneHne mnapamMeTpPUUYECKUX YPAaBHEHHHM OKPYKHOCTEH B OOOMX Cilyyasx
IIPOBOJMIIOCH C UCIIOJIb30BAHUEM MPOEKTUBHOM CUCTEMBI KOOPIUHAT.

B mepBom ciyyae Ha KjaccMUecKoe MapamMeTpuuecKoe ypaBHEHHE KPUBOMN
BTOPOTO TOpsiiKa B TMPOCKTHUBHOM CHCTEME KOOpPAMHAT JJs OMpPEIeTICHHS
HEU3BECTHBIX  KOI(D(HUIMEHTOB  ypaBHEHHUS  HAKJIQABIBAIUCh  YCJIOBHS
NPUHAAJICKHOCTH TPEX 3aJlaHHBIX TOYEK 3TOM KPUBOM, NMpUYEM 3aJaHHbIE TOUKH
NpPUHUMAJIKNCh 32 TpuU Oa3MCHbIE TOUYKM NPOEKTUBHOW cuctembl. [IpoBenenue
MOJIYYCHHOW KPUBOM BTOPOTO TMOpSIAKA 4Yepe3 IUKIUYECKHE TOYKU TIO3BOJIHIIO
OTIPEJICINTh BCE HEU3BECTHBICE KOA(DPHUIIMEHTHI ypaBHEHHS] U, TaKuM 0Opazom,
OTIPEJICTUTh NCKOMOE MapaMeTPUIEeCKOe YPABHEHHUE OKPYKHOCTH MPEABAPUTEIHHO
B IIPOEKTUBHOM cHCTEME KOOPIUHAT.

Bo Bropom ciywae mis ympoieHHs Oblla BhIOpaHa MeECTHasi CUCTEMa
ahUHHBIX KOOpPAWHAT, B KOTOPO# JIBE 3aJaHHBIC TOYKH OBUIM PAaCIIOJIO0KCHBI Ha
ocu OX cUMMETpUYHO OTHOCUTENBHO ocu Oy, a TOUKa Ha KacaTeJIbHOM - Ha OCHU
Oy. OTu Tpu TOYKH ObUIA MPUHSATHI 32 TPU OA3UCHBIE TOYKU MPOCKTUBHON CUCTEMBI
KOOpJIMHAT, a YeTBepTas TOYKA MPOECKTUBHON CUCTEMbl KOOPAMHAT - €IUHUYHAS
TOuKa - Obli1a onpeseneHa B apduHHON cucTeMe Kak TOYKa, MIPUHAJIeKaIast 3TOH
oKkpykHOCTH. Kilaccuyeckoe ypaBHEHHE KPHUBOUM BTOPOTO MOPSIIKA B MMPOCKTUBHOM
CUCTEME KOOPAMHAT, KOTOpasi MPOXOIUT Yyepe3 Tpu O0a3uCHBIC TOUKH MPOCKTUBHOM
CHUCTEMBI U KacaeTcsl B JBYX M3 HUX KOOPJAMHATHBIX MPSMBIX MPHU YCIOBUH, UTO
€MHUYHAs TOYKAa MPUHAJUICKUT OKPY>KHOCTH, SIBJIETCSA HMCKOMBIM YpPaBHEHHUEM
OKPYKHOCTH.

[Tocne ompeneneHus 000UX MCKOMBIX YpPaBHEHUN B MPOCKTUBHON CHCTEME
KOOPJAWHAT C TTOMOIIBI0 (POopMyI IepeBoa U3 MPOSKTUBHON CUCTEMBI B adPUHHYIO
OTIPEIEIISIIOTCS UCKOMBIE TTapaMETPUUECKUE YPaBHEHHS OKPY>KHOCTEH B apuHHOM

CHCTEME.
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Knrouesvie cnosa - napamempuueckoe ypasHenue OKpY#CHOCMU, 3A0AHHOU
mpems MO4YKamu, napamempuiecKkoe ypagHeHue OKPYICHOCMU, 3A0AHHOU 08YMsL
MOYKAMU C KACAMENbHOU 6 OOHOU U3 HUX, YUKIUYECKUEe MOUKU NIOCKOCHU,
NPOEKMUBHASL CUCeMa KOOPOUHAM.

GEOMETRIC MODELING OF A FLAT CONTOUR USING A CIRCLE

G. Koval
National Technical University of Ukraine "Igor Sikorsky Kyiv Polytechnic Institute”

In geometric modeling of contours, in most cases it is convenient to use the
equations of curves written in a parametric form. In this case, when modeling flat
contours of the first order of smoothness, can be used circular arcs. The article
proposes a method for determining the parametric equation of a circle (arc of a
circle) for two ways: defining a circle over three points, as well as defining a circle
over two points and a tangent in one of them. The definition of the parametric
equations of circles in both cases was carried out using a projective coordinate
system.

In the first case, the conditions for the membership of three given points of
this curve were imposed on the classical parametric equation of a second-order
curve in the projective coordinate system to determine the unknown coefficients of
the equation, and the given points were taken as three basis points of the projective
system. Passing the obtained second-order curve through cyclic points made it
possible to determine all unknown coefficients of the equation and, thus, determine
the desired parametric equation of the circle in the projective coordinate system.

In the second case, for simplicity, a local system of affine coordinates was
chosen in which two given points were located on the Ox axis symmetrically with
respect to the Oy axis, and the point on the tangent was located on the Oy axis.
These 3 points were taken as 3 basis points of the projective coordinate system, and
the fourth point of the projective coordinate system — the unit point — was defined
in the affine system as a point belonging to this circle. The classical equation of a
second-order curve in a projective coordinate system that passes through 3 basis
points of the projective system and touches the coordinate lines in two of them,
provided that the unit point belongs to the circle, is the desired equation of circle.

After determining both of the desired equations in the projective coordinate
system, using the transfer formulas from the projective system to the affine, the
desired parametric equations of the circles in the affine system are determined.

Keywords - parametric equation of a circle defined by three points;
parametric equation of a circle defined by two points with a tangent in one of them,
cyclic points of the plane; projective coordinate system.
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