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U V SK 
R

Sxyz
u v

MN
r,

r(t)
SK. 

U(t), V(t), 
u(t), v(t) r(t). 

K, M  N :

    
    );(sin)(sin)( tUtVtryK   
     );(cos)( tUtrzK

);(sin)(cos)(sin)(cos)( tutvhtUtVtrxM

                              );(sin)(sin)(sin)(sin)( tutvhtUtVtryM                              (1) 
)(cos)(cos)( tuhtUtrzM

);(sin)(cos)(sin)(cos)( tutvhtUtVtrxN

);(sin)(sin)(sin)(sin)( tutvhtUtVtryN

)(cos)(cos)( tuhtUtrzN
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R.
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L=W-P:  

                  (2) 

R . 

U(t), V(t), u(t), v(t) r(t). 

;0)(cos)(sin
)(

)(2

)(
)(2

)()(
)(4

2
2

2

2
2

tUtU
dt

tdV
tr

dt

tUd
tr

dt

tdr

dt

tdU
tr

                               (3) 

;0)(cos)(sin
)()(

)(4

)(sin
)()(

)(4)(sin
)(

)(2

2

22
2

2
2

tUtU
dt

tdU
dt

tdV
tr

tU
dt

tdr
dt

tdV
trtU

dt
tUd

tr

;0
)(

)(sin
)(

)(2
)(

)(2
)(

2
2

2
22

2

2

tr

R
tU

dt

tdV
tr

dt

tdU
tr

dt

trd

(3) 
 ( : 

r(0)=R; D(r)(0)=Dr0; u(0)=u0; D(u)(0)=Du0; v(0)=v0; D(v)(0)=Dv0; 
U(0)=U0; D(U)(0)=DU0; V(0)=V0; D(V)(0)=DV0.                     (4) 

(4) 
(3) -

U1(t), 
V1(t), u1(t), v1(t) r1(t), .

t
,

U(t), V(t), u(t), v(t) r(t) U1(t), V1(t), u1(t), v1(t) r1(t).
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-   
R=20, m h

r(0)=20, D(r)(0)=0, V(0)=0, D(V)(0)=0.035. 
-

9 

:
U(0)=Pi/2, D(U)(0)=0., u(0)=Pi/2, D(u)(0)=0, v(0)=0, D(v)(0)=0; 
U(0)=Pi/2, D(U)(0)=0., u(0)=0.01, D(u)(0)=0, v(0)=0, D(v)(0)=0. 

a
  

3 

U(0)=Pi/2, D(U)(0)=0., u(0)=Pi/4, D(u)(0)=0, v(0)=Pi/4, D(v)(0)=0.3. 

-

- - 

U(0)=Pi/4; 
D(U)(0)=0; u(0)=Pi/2; D(u)(0)=0.3; v(0)=Pi/2; D(v)(0)=0.3

. 
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3

4.

5 
U(0)=Pi/4;

D(U)(0)=0;  u(0)=Pi/2; D(u)(0)=0.3; v(0)=Pi/2; D(v)(0)=0.3. 4 
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5.

6 
U(0)=Pi/2;

D(U)(0)=0; u(0)=Pi/2; D(u)(0)=0; v(0)=0; D(v)(0)=0.3 2 

6
2 
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7 
U(0)=Pi/2;

D(U)(0)=0; u(0)=0.001; D(u)(0)=0.3; v(0)=Pi/2; D(v)(0)=0.3 5 

7
5 

-

T=170 N=150
A=125).

ODE1, ODE2, ODE3, ODE4 ODE5.

  
initial := {U(0)=Pi/2, D(U)(0)=0,   u(0)=0.01, 
D(u)(0)=0.5, V(0)=0, D(V)(0)=0.035, v(0)=Pi/4, 
D(v)(0)=0.5, r(0)=20, D(r)(0)=0}: 
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- : 

sol := dsolve({ODE1, ODE2, ODE3, ODE4, ODE5} 
union initial, numeric, method=rkf45);

solu :=  subs(sol, u(t)):
solv :=  subs(sol, v(t)): 
solU :=  subs(sol, U(t)): 
solV :=  subs(sol, U(t)): 
solr :=  subs(sol, r(t)): 

dsolu := subs(sol, diff(u(t),t)):
dsolv := subs(sol, diff(v(t),t)):
dsolU := subs(sol, diff(U(t),t)): 
dsolV := subs(sol, diff(V(t),t)): 
dsolr := subs(sol, diff(r(t),t)):

plot([solu(t), dsolu(t),t=0..T], color=red, 
thickness=3, labels = [u, Du], axes=BOXED, 
font = [TIMES, ROMAN, 16], 
labelfont = [TIMES, ROMAN, 16]).

N

for i from 0 to N do 
u1[i] := solu(T*i/N); 
v1[i] := solv(T*i/N); 
U1[i] := solU(T*i/N); 
V1[i] := solV(T*i/N); 
r1[i] := solr(T*i/N); 
end do:
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for i from 0 to N do 
Rx[i] := r1[i]*cos(V1[i])*sin(U1[i]); 
Ry[i] := r1[i]*sin(V1[i])*sin(U1[i]); 
Rz[i] := r1[i]*cos(U1[i]); 
display3d(curve([seq([Rx[i],Ry[i],Rz[i]], i=0..N)],  
color=black, thickness = 2),scaling=CONSTRAINED);
  

  

Rx_1,Ry_1,Rz_1 Rx_2,Ry_2,Rz_2

:
 
for i from 0 to W do 
pen := line([Rx_1[i],Ry_1[i],Rz_1[i]], 
[Rx_2[i],Ry_2[i],Rz_2[i]], color=red, thickness=5); 
dsk0 := sphere([Rx[i],Ry[i],Rz[i]], 1, color=black): 
dskS1 := sphere([Rx_1[i],Ry_1[i],Rz_1[i]], 2): 
dskS2 := sphere([Rx_2[i],Ry_2[i],Rz_2[i]], 2): 
Gr[i] := display(dsk0, dskS1, dskS2, sled, pen, 
scaling=CONSTRAINED, thickness=3,axes=BOXED,  

 
end do:
  

display(seq(Gr[i],i=0..W),scaling=CONSTRAINED, 
orientation=[-135, 70], font = [TIMES, ROMAN,16], 
insequence=true).
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m1 m2

k h
-

1. Kutsenko L.N., Zapolskiy L.L. A geometrical design of effect of Dzanibekov 
by facilities of mathematical package of maple / ORT Publishing  European 
Applied Sciences. Stuttgart (Germany), . P. 108 112. 
2. , 

/

-297. 
3. , 

/ :

51.
4. ,

/ Scientific Journal

48. 
5. Kutsenko L. Geometrical modeling of the unfolding of spatial rod structures, 
similar to the four-link pendulum, in weightlessness / Kutsenko L., Vanin V., 
Semkiv O., Zapolskiy L., Shoman O., Martynov V., Morozova G., Danylenko 
V., Kryvoshei B., Kovalov O. / Eastern-European Journal of Enterprise 
Technologies. 2018. Vol. 5/7 (95). P. 70-80.  
6. , 

-53  
7. , 

/

 284 291. 
8. , 

 / 

153 158. 
9. ,   
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. C. 94 103
10. Kutsenko L. Development of geometric model of new war for delivery of 

Naidysh, S. Nazarenko, Cherniavskyi
Semenova-Kulish, O. Polivanov, Eastern-European Journal of 
Eenterprise Technologies. Applied mechanics. 102.  
11. 

. , 2020.
http://repositsc.nuczu.edu.ua/handle/123456789/10860. 

12. Okunev Yu. M. Some Properties of Translational-Rotational Motion of a 
Long Dumbbell in a Central Field of Forces / Trudy Inst. Mekh. MGU, No. 10, 

121. 
13. Okunev Yu.M. Possible Motions of a Long Dumbbell in a Central Field of 
Forces / Kosmich. Issledovaniya 7 642. 
14. Beletskii V. V., Ponomareva O. N., Parametric Analysis of Relative 
Equilibrium Stability in Gravitation Field / Kosmich. Issledovaniya 28(5), 1990. 

675.  
15. 

- /
20. 

16. 

91.  
17. 

101.  
18. ,

46.  
19. Antonio Fernando Bertachini de Almeida Prado, Gislaine de Felipe An 
analytical study of the powered swing-by to perform orbital maneuvers / 
Advances in Space Research. V. 40. . 102 112.  
20. ,

2012. 573.  
21. ,

2015. 359.  
22. Kosenko I. I., Stepanov S. Ya. Stability of Relative Equilibria of an Orbit 
Tether with Impact Interactions Taken into Account. The Unbounded Problem, 
Izv. Akad. Nauk. Mekh. Tverd. Tela, No. 4, 86 96. 
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23. Lorenzini E. C. A Three-Mass Tethered System for Micro-g/Variable-g
Applications, J. Guidance. Control. Dyn. 10 (3), 242 249. 
24. Buchin V. O., Burov A. A., Troger H. A Dumb-Bell Satellite with a Cabin. 
E  Proc. 6th EUROMECH 
Nonlinear Dynamics Conf. (ENOC 2008) (St. Petersburg. 2008), Paper No. 246. 
25. Burov A. A.,  Kosenko I. I., Troger H. On periodic motions of an orbital 
dumbbell-shaped body with a cabin-elevator / Mechanics of Solids.  
Volume 47, 269 284.
26. Guirao, J.L.G., Vera, J.A., Wade, B.A. On the periodic solutions of a rigid 
dumbbell satellite in a circular orbit / Astrophys Space Sci. 346, 437
442.
27. Rodnikov, A. V. Rotations of a dumbbell equipped with "the Leier 
Constraint". J. Vibroeng. (JVE)., 10(4), 2008 557 561.
28. Burov, A. A. Oscillations of a vibrating dumbbell on an elliptic orbit.
Doklady Physics, 56(3), 2011. 182 185.
29. Li X. Y., Qiao D.,. Cui P. Y. The equilibria and periodic orbits around a 
dumbbell-shaped body / Astrophysics and Space Science. 348, 417
426.
30. Spinning top - represented by dumbbell . 2017.
http://aias.us/blog/wp-content/uploads/2017/02/3712.pdf. 
31. Spinning top - represented by dumbbell . 2017.
https://drmyronevans.files.wordpress.com/2017/02/lagrange-dumbbell.pdf. 
32 -

" .
2020. http://repositsc.nuczu.edu.ua/handle/123456789/11474. 
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SIMULATION OF THE ROTATIVE-TRANSLATIVE MOTION  
OF THE DUMBBELL, WHEN THE CENTER OF ITS MASS  

MOVES IN A CIRCLE 

A geometric model of the rotational-translational motion of a dumbbell in 
a central force field is proposed, provided that its center of mass moves in a 
circle of a given radius. The term dumbbell denotes a geometric object with two 
masses spaced apart at a certain distance, connected by a weightless rod (like a 
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sports dumbbell). The idea of modeling is based on the compilation and solution 
of a system of Lagrange differential equations of the second kind. To compose 
the equations, the Lagrangian was used to describe the rotational-translational 
motion of a dumbbell in a central force field. The system of equations is formed 
with respect to five functions denoting five generalized coordinates. These 
coordinates connect the fixed and mobile coordinate systems that provide the 
rotational-translational movement of the dumbbell. The system of Lagrange 
differential equations of the second kind was solved numerically in the 
environment of the maple mathematical processor. The results obtained 
correspond to each of five different coordinate functions that can be plotted 
graphically. Also obtained are approximate descriptions of the derivatives of 
these functions depending on the parameters of the dumbbell and the initial 
conditions of its motion. These results made it possible to construct graphs of 
phase trajectories of functions of five coordinate coordinates, with the help of 
which it is possible to determine the nature of the dumbbell movement. The 
obtained time dependences for the functions of generalized coordinates make it 
possible to compose an algorithm for computer animation of the rotational-
translational motion of the dumbbell. In this case, the parameters of the 
dumbbell and the initial conditions of its movement will be taken into account. 
Examples of modeling the trajectories of the centers of mass of the dumbbell 
weights are given.  It is advisable to use the results obtained to illustrate the 
position of the dumbbell in space when studying its orbital dynamics. Computer 
animations of a dumbbell movement in zero gravity will make it possible to 
analyze the influence of the angular velocities of rotation on its movement. At 
this stage of research, it is advisable to use the results obtained as the basis for 
laboratory or coursework of the departments of geometric modeling and 
computer graphics. 
 Key words: geometric modeling; geometric object in the form of a 
dumbbell; Lagrange equations of the second kind; separate phases of rotation of 
the dumbbell. 
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