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PARQUETS FROM REGULAR FIVE-POINTED AND
TEN-POINTED STARS

Obviously, regular pentagons cannot fill a plane without overlaps and
gaps. However, the plane can be filled without overlaps and gaps with polygons
whose angles are multiples of 36° For example, if a regular pentagon is
changed into a regular five-pointed star, composed of five rhombuses with
angles of 72°and 108 ¢ and supplemented with five rhombuses with angles of
36 °and 144 °to form a regular decagon, then the resulting rhombuses can fill
the plane without overlaps and gaps.

It is assumed that, in addition to the presented method of tiling the plane
with the rhombuses pointed out above, there are other ways of tiling the plane
without overlaps and gaps with polygons whose angles are multiples of 36°
This explains why the challenge of tiling a plane with regular pentagons attracts
the attention of not only geometers, but also designers who create new types of
ornaments. Moreover, the regular pentagon among other types of regular
polygons has the highest aesthetic qualities, and parquets made up of polygons,
the angles of which are multiples of 36 ¢ surpass other types of parquet in
beauty and perfection. Therefore, the working out of methods for tiling a plane
without overlaps and gaps with polygons, the angles of which are multiples of
36 9 is an actual challenge for both geometers and designers creating new types
of ornaments.

For the first time, two variants of the parquet, composed of rhombuses
forming five-pointed and ten-pointed stars, were worked out. If in the first
variant the center of the parquet is a five-pointed star, then in the second variant
it is a ten-pointed star. Moreover, if in the first variant the parquet does not
have a single plane of symmetry, then in the second variant the parquet has
twenty planes of symmetry. Another difference is that if in the first variant the
parquet has a rotational symmetry with a 5th order symmetry axis, then in the
second variant it has a rotational symmetry with a 10th order symmetry axis.
Common to both variants of parquet is that they belong to non-periodic
parquets, that is, they are new, previously unexplored types of Penrose mosaics.
It is assumed that our further research will be directed to the invention of
parquet, which has neither translation nor rotation symmetry, and at the same
time maintains order in the arrangement of tiles.
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Formulation of the problem. Let’s take a dodecahedron — a regular
polyhedron, the surface of which consists of twelve regular pentagons. Cut its
lateral surface in such a way that its edges are the cut lines, and after
superposing its faces with the plane, we will make sure that it is impossible to
fill the plane with regular pentagons without overlaps and gaps.

However, the plane can be filled without overlaps and gaps with polygons
whose angles are multiples of 36 © For example, if a regular pentagon is changed
into a regular five-pointed star, composed of five rhombuses with angles of 72°
and 108 < and supplemented with five rhombuses with angles of 36 “and 144 °to
form a regular decagon, then the resulting rhombuses can fill the plane without
overlaps and gaps.

We assume that, in addition to the presented method of tiling the plane
with the rhombuses pointed out above, there are other ways of tiling the plane
without overlaps and gaps with polygons whose angles are multiples of 36°.
This explains why the challenge of tiling a plane with regular pentagons attracts
the attention of not only geometers, but also designers who create new types of
ornaments. Moreover, the regular pentagon among other types of regular
polygons has the highest aesthetic qualities, and parquets made up of polygons,
the angles of which are multiples of 36°, surpass other types of parquet in beauty
and perfection. Therefore, the working out of methods for tiling a plane without
overlaps and gaps with polygons, the angles of which are multiples of 36 is an
actual challenge for both geometers and designers creating new types of
ornaments.

Analysis of recent research and publications. It should be said that in
the foreign literature there are many works devoted to parquets composed of
rhombuses with angles of 72 °and 108 ©and rhombuses with angles of 36 °and
144 ¢ for example, Penrose mosaics [1-6]. Unfortunately, there are no such
works in the domestic literature at all. Everything we know about Penrose
mosaics, we know from translated literature [7, 8]. However, Roger Penrose
studied far from all types of parquet that can be made up of rhombuses with
angles of 72° and 108° and rhombuses with angles of 36° and 144° For
example, Penrose mosaics are variants of a parquet composed in such a way that
rhombuses with angles of 72°and 108 ° is assembled into regular five-pointed
stars, and rhombuses with angles of 36 °and 144 ° fill the gaps between them.
Parquets, composed in such a way that rhombuses with angles of 72 °and 108 °
form regular five-pointed stars, and rhombuses with angles of 36 °and 144° —
regular ten-pointed stars, have not yet been invented by any researcher,
including Roger Penrose. Therefore, before geometers, desiring to discover new
types of parquet, composed of rhombuses with angles of 72°and 108 ° and
rhombuses with angles of 36 °and 144 ©, a wide field of activity opens up.

150



Thus, the purpose of the study is to work out a method for tiling a plane
in such a way that the rhombuses with angles of 72 °and 108 °form regular five-
pointed stars, and rhombuses with angles of 36 °and 144 °— regular ten-pointed
stars.

Main part. Let’s build a regular pentagon. Change it into a regular five-
pointed star, made up of five rhombuses, the angles of which are 72°and 108 °
Take a rhombus with angles of 72°and 108° Let’s rotate it around an axis
passing through the vertex of the rhombus with an angle of 72°¢ and
perpendicular to its plane, by an angle of 72 © Repeat the rotation transformation
three more times and get a regular five-pointed star, composed of five
rhombuses with angles of 72 °and 108 © Note that a regular five-pointed star has
five planes of symmetry, that is, it has a reflection symmetry group of the 5th
order. Moreover, a regular five-pointed star has rotational symmetry with a 5th
order symmetry axis. This means that it can be superposed with itself by rotating
around the axis of symmetry by an angle of 72°

Supplement the regular five-pointed star with five rhombuses with angles
of 36 °and 144 °. We get a regular decagon filled without gaps and overlaps with
five rhombuses with angles of 72 °and 108 °and five rhombuses with angles of
36°and 144° Let’s present the resulting geometric figure as a regular five-
pointed star inscribed in a regular decagon.

The regular decagon, which includes a regular five-pointed star, is
remarkable in that its repetitions can completely fill the plane. Moreover, in
some cases, regular decagons are connected in such a way that a rhombus with
angles of 36 °and 144 ° of one geometric figure is superimposed on the same
rhombus of another geometric figure, and the gaps between them are filled with
rhombuses with angles of 72 °and 108 °.

Take a rhombus with angles of 36 °and 144 ° Let’s rotate it around an axis
passing through the vertex of the rhombus with an angle of 36° and
perpendicular to its plane, by an angle of 36 © Repeat the rotation transformation
eight more times and get a regular ten-pointed star, composed of five rhombuses
with angles of 72 °and 108 °. Note that a regular ten-pointed star has five planes
of symmetry, that is, it has a reflection symmetry group of the 10th order. , a
regular ten-pointed star has rotational symmetry with a 10th order symmetry
axis. This means that it can be superposed with itself by rotating around the axis
of symmetry by an angle of 36°.

The regular ten-pointed star, composed of ten rhombuses with angles of
36 °and 144 ° is remarkable in that its repetitions can completely fill the plane.
Additionally, the regular ten-pointed stars are placed in such a way that the gaps
between them are filled in a certain order with five-pointed stars and rhombuses
with angles of 72 °and 108 °
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Let’s show in Fig. 1 the first variant of the parquet, which is formed by
tiling the plane with a geometric figure, which includes a regular ten-pointed
star, made up of ten rhombuses with angles of 36 and 144 °,

Consider the types of symmetry possessed by a geometric figure, which
includes a regular ten-pointed star, composed of ten rhombuses with angles of
36 °and 144 <, and parquet constructed on its basis according to the first variant.
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Fig. 1. The first variant of the parquet, which is formed by tiling the plane with regular five-
pointed stars and regular ten-pointed stars, made up of ten rhombuses with

angles of 36 °and 144 °

Obviously, a geometric figure, which includes a regular ten-pointed star,
composed of ten rhombuses with angles of 36 ° and 144 ° has ten planes of
symmetry, that is, it has a reflection symmetry group of the 10th order. The
parquet shown in Fig. 1 does not have any plane of symmetry, that is, it does not
have any reflection symmetry group. Moreover, it has a rotational symmetry
with a 5th order symmetry axis. This means that the parquet we are considering
can be superposed with itself by rotation around the axis of symmetry by an
angle of 72° However, the parquet shown in Fig.1 does not possess the
translational symmetry. Consequently, it cannot be superposed with itself by
means of a parallel translation in any direction specified by the translation axis.
Therefore, it can be affirmed that the parquet we are considering is non-periodic
parquet, that is, another type of Penrose mosaic that has not been studied before.
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It is noteworthy that the parquet shown in Fig. 1 does not exhaust all
variants for tiling the plane with a geometric figure, which includes a regular
ten-pointed star made up of ten rhombuses with angles of 36 °and 144 .

Let’s show in Fig. 2 the second variant of the parquet, which is formed by
tiling the plane with a geometric figure, which includes a regular ten-pointed
star, made up of ten rhombuses with angles of 36 and 144 °,

Consider the types of symmetry possessed by a geometric figure, which
includes a regular ten-pointed star, composed of ten rhombuses with angles of
36° and 144 ° and parquet constructed on its basis according to the second

variant.
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Fig. 2. The second variant of the parquet, which is formed by tiling the plane with regular
five-pointed stars and regular ten-pointed stars, made up of ten rhombuses with

angles of 36 °and 144 .

Obviously, a geometric figure, which includes a regular ten-pointed star,
composed of ten rhombuses with angles of 36°and 144 °, has ten planes of
symmetry, that is, it has a reflection symmetry group of the 10th order. The
parquet shown in Fig.2 has twenty planes of symmetry, that is, it has a
reflection symmetry group of the 20th order. In addition, it has a rotational
symmetry with a 10th order axis of symmetry. This means that the parquet we
are considering can be combined with itself by rotation around the symmetry
axis by an angle of 36 ° However, the parquet shown in Fig. 2 does not possess
the translational symmetry. Consequently, it cannot be superposed with itself by
means of parallel translation in any direction specified by the translation axis.
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Therefore, it can be affirmed that the parquet we are considering is non-periodic
parquet, that is, another type of Penrose mosaic that has not been studied before.

At the same time, it should be noted that, despite the fact that the regular
ten-pointed star is a combination of ten rhombuses with angles of 72 °and 108 ¢,
it is perceived as a solid geometric figure, similar to such geometric figures as a
rhombus with angles of 72 °and 108 °, rhombus with angles of 36 °and 144 °and
regular five-pointed star. Therefore, if we assume that Penrose mosaics is
assembled of three geometric figures: a rhombus with angles of 72°and 108 a
rhombus with angles of 36 °and 144 °, and a regular five-pointed star, then it can
be affirmed that the parquets shown in Fig. 1 and Fig. 2, is assembled of four
geometric figures: a rhombus with angles of 72°and 108° a rhombus with
angles of 36 °and 144 °, a regular five-pointed star and a regular ten-pointed star.
Since the geometric figure in the form of a ten-pointed star, composed of ten
rhombuses with angles of 72° and 108° has high aesthetic qualities, its
introduction into the Penrose mosaic enriches it with new representational
means and increases its artistic value.

Conclusions and prospects. Thus, for the first time, two variants of the
parquet, composed of rhombuses forming five-pointed and ten-pointed stars,
were worked out. If in the first variant the center of the parquet is a five-pointed
star, then in the second variant it is a ten-pointed star. Moreover, if in the first
variant the parquet does not have a single plane of symmetry, then in the second
variant the parquet has twenty planes of symmetry. Another difference is that if
in the first variant the parquet has a rotational symmetry with a 5th order
symmetry axis, then in the second variant it has a rotational symmetry with a
10th order symmetry axis. Common to both variants of parquet is that they
belong to non-periodic parquets, that is, they are new, previously unexplored
types of Penrose mosaics. We assume that our further research will be directed
to the invention of parquet, which has neither translation nor rotation symmetry,
and at the same time maintains order in the arrangement of tiles.
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IHAPKETHU 3 ITPABUWJIBHUX IPATUKYTHUX TA
JAECATUKYTHHUX 3IPOK

OuesuoHo, wo NPABUIbLHUMU N SMUKYMHUKAMU HE MOJICHA 3aN0GHUMU
nIowWuHy 0e3 Haxiadens i nponyckie. OOHAK NIOWUHY MONCHA 3aN08HUMU Oe3
HAaKNadeHb ma NPonycKie 0a2amoKymHUKamu, Kymu sKux € kpamuumu 36 °.
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Hanpuxnao, sxkwo npasunvnuii n’samuKymHux nepemeopumu Ha NpasuIbHy
nAMuKymmy 3ipKy, ckiadeHy 3 n’'amu pombie 3 kymamu 72° ma 108° i
oonosnumu ii n’amema pombamu 3 kymamu 36° 0 144° wob ymeopuecs
NPABUNLHULL  OECAMUKYMHUK, OMPUMAHUMU DOMOAMU MONCHA 3aNOGHUMU
NIOWUHY 0e3 HaKIA0eHb Mma NPONycKie.

Ipunyweno, wo, Kpim npeocmasieHo2o Cnocody 3aMOWEeHHs NIOWUHU
3A3HAYEHUMU BULe POMOAMU, ICHYIOMb IHUWI CNOCOOU 3AMOWEHHS NIOWUHU Oe3
HAaKIadeHb [ NPOnycKie 0azamoKymuHukamu, Kymu sakux € kpamuumu 36 ° Lle
NOACHIOE,  YOMY  3a0aya Npo  3aMOW€HHS — NIOWUHU  NPABUTbHUMU
1 AMUKYMHUKaMU NpU8epmac yeazy He juule 2eoMempis, a it Ou3auHepis, uo
Ccmeopioioms HO8I 6uou opuamenmis. Kpim mozo, npasuivbHuil n’simukymHUuK
ceped I[HWUX 6UOI8 NPABUILHUX OA2AMOKYMHUKIE MA€E HAUBUW ecmemudti
AKocmi, a napkemu, CK1a0eHi 3 6a2amoKymHuKie, Kymu sSKux € kpamuumu 36 ©,
nepesepuiyioms IHWii 6UOU NApKemy Kpacorw ma Oockouanicmio. Tomy
PO3pobNeH T cnocobi8 3aMOowjeHHs. NIOWUHU 0e3 HAaKIAO0eHb mda NpPONnyCKie
OazamoKkymuuxamu, Kymu saKux € kpamuumu 36 S € Ha2anbHumM 3a80aAHHAM 5K
2eoMempis, max i Ou3atiHepis, wo cmeopiioms HO8i BUOU OPHAMEHMIE.

Bnepwe pospobneno osa eapianmu napkemy, ckiaoenozo 3 pomois, ujo
VMBOPIOIOMb N AMUKYMHI ma 0ecsimuKymui 3ipku. Akwo y nepwomy eapianmi
YeHmpom napkemy € n’amuKymua 3ipka, mo y opyeomy 6apianmi 0ecsimuKymHua
sipka. Kpim mozo, sikujo y nepuwiomy eapianmi napxem He MAe #COOHOI NAOUUHU
cumempii, mo y Opy2oMy apianmi napkem mMae 08a0ysimov NIOWUH CUMEMPII.
Ll]e ooHicto 8iOMiHHICMIO € mMe, WO AKWO V Nepuiomy 8apianmi napKem Mae
cumempito 00epmamnHs 3 8iCCl0 CUMempii 5-20 NOPsOKy, Mo y Opy2omy 8apiaumi
— cumempiro obepmanns 3 giccto cumempii 10-20 nopsaoky. CninbHum 0151 060X
eapianmis napkemy € me, WO 60OHU HALEHCAMb HENepioOUYHUM NAPKemam,
moomo € HoUMU, He BUGYEHUMU paHiwe euoamu mo3aixu Ilenpoysa.
Ipunywerno, wo nodanviui 00CnioxceHHss 0Y0ymMv CHPAMOBAHI HA BUHAXIO
napkemy, wjo He Mae Hi cumempii nepeHocy, Hi cumempii obepmants i 600HOUAC
30epieac 3aKOHOMIPHICMb PO3MAULY8AHHS NIIUMOK.

Knrouosi cnosa: mosaiku; napkemu, cumempisi nepeHocy; HenepioouuHe
3aAMOUeHHS NIOWUHU, NPABULbHI N SIMUKYMHI Ma 0eCAmMUKymHi 3ipKu.
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