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KEPYBAHHS 3r HHAHHSM TOPCIB 3MIHOIO 3AJIEXKHOCTI
KYTA NITMOMY MOI'O PEEPA 3BOPOTY

IIpocmoposy Kpusy moodicrha 3a0amu 080MA HAMYPALLHUMU DIGHAHHAMU.
3QNEAHCHICIO KPUBUHU | 3ANIeAHCHICIIO CKPYMY 8I0 008CuHU il Oyau. Axujo maky
KpUgy NpuliHamu 3a pebpo 360pomy mopca, mo U020 32UHAHHAM MOICHA
Kepygamu 3MIHOIO CKpYmy Kpueoi, OCKIIbKU KpUBUHA NPU YbOMY He
smintoemovces. OOHaK Ha npakmuyi maxe 32UHAHHS 30IUCHUMU BANCKO, OCKLIbKU
He ICHY€E NPpoCcmoz2o nepexooy 8i0 HAMypalbHUX PIGHAHb NPOCMOPOBOL KpUBoi 00
napamempuunux. Takui nepexio nompeoye 4uceabHux mMemooie po3e a3y6aHHs
cucmemu ouepenyiarvhux pieHanb. Mooxcna no iHwomy niditimu - 00
PO38 A3AHHA Yb020 NUMAHHA, 4 CAMe 3AMIHUMU 3AJIeHCHICMb CKpYymy 6i0
008IHCUHU OyeU KPUBOI 3ANIeJHCHICMIO Kyma NIOUOMYy meddc 8i0 008HCUHU OyeU
Kpusoi. B maxomy eunadky gopmynu nepexody 6i0 HAmMypaibHUX piHsHb 00
napamempuyHux 3HAYHO CHPOWYIOMbCSA | 8 OKPEMUX 8UNAOKAX He HOMPeOYIomb
YUCEeNbHO20 IHMe2PYBAHHS.

YV cmammi euxopucmano came maxuil nioxio 05 KOHCMPYIOBAHHSL
mopcis. Hagedeno napamempuuni pigHAHHA mopca 6 3a2albHOMY 6U2TAOL,
SIK020 pebpoM 360pOmYy € NPOCMOPOBA KPUBA, 3a0aHA 3ANeHCHOCTAMU KPUSUHU |
Kyma niouomy 8i0 008xcunu ceoci oyeu. llokazano, wjo 3MiHOK 3aKOHOMIPHOCHI]
Kyma niouomy MOMCHA Kepysamu npoyecom 32umauHs mopca. llpu ywvomy
3HAUOeHO 6upas nepuwioi kKeaopamuunoi ¢opmu, 00 AKOI He 6X00Umbv
3anedcHicme  Kyma niouomy pebpa 380pomy, a MINbKU 3AJEHCHICMb U020
kpusunu. Lle ceiouumv npo me, w0 MONCHA NO PIZHOMY Mpauc@opmyseamu
pebpo 360pomy, mobmo 32uHamu Mmopc, i NPU YboMy nepuia KeaopamuyHd
Gdopma szanuwaemocs HesmiHHow. Hasedeno eioomuti npukiad 32UHAHHS
mopca-2enikoioa OUCKPEemHO0 3MIHOW Kyma RiOUuomy 1o2o pebpa 360pomy.
IIpooemoncmposano markoic 3eUHAHHA MOPCA-2eNiKoioa 3MIHOW KYMa NiOUOMY
pebpa 360pomy 3a NHIUHUM 3aKOHOM. /[ Yb0o2o 0)0 3ACMOCOBAHO YUCEbHI
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memoou. Ompumanuii mopc yxice He € MOPCOM O0OHAKOBO20 HAXUNLY MEIPHUX.
Taxooc Hageoeno npukiad 32UHAHHA MOPCA, y AKO20 KPUBUHA T KYM NIOUOMY
pebpa 360pomy € 3MIHHUMU 3A7eHCHOCMAMU 810 008CUHU Oyeu. Bonu nidibpani
max, wo 00360JAI0Mb OMPUMYEAMU NPOMINCHI NONONHCEHHS MOPCA NpU U020
32UHAHHI 3 OONOMOR20I0 DIBHAHbL V KiHyesomy euensoi. Haeedeno npuxnaou,
30IUCHEHO 8I3)aNi3ayilo OMPUMAHUX Pe3YTbIMamis.

Knrouosi crnosa: kpusa; 3anesxicricmo;, mopc; oyea;, pebpo; 3euHaHHsI.

IHocranoBka npoodJemu. [IpocTopoBa KprBa BBAXKAETHCS 3a/1aHOIO, SKIIIO
BIJOMi JIBa HATypaJbHHUX PIBHSIHHSI: 3aJI€KHOCTI KpUBHHHU K 1 CKpPyTy o BiI
noxxuuu ayru S: K=K(S) 1 o=0(s). 11106 moOymyBaTH 110 KPUBY B JEKapTOBIi
CUCTEMI KOOPJIMHAT, MOTPIOHO MEPENTH A0 MapaMEeTPUUHUX PIBHSAHB. 1 LbOTO
BUKOPUCTOBYETHCSI KIHEMATUKa CynpoBiHOTO TpurpanHuka ®pene. [Ipu ioro
pyci 1O KpHUBIM JUI1 MOTOYHOTO 3HAYEHHS JOBXKHUHU JYTHM S ICHYE BEKTOp @
MUTTEBOI OC1 OOepTaHHs TpUrpaHHUKa. Moro mpoekiii Ha OpTH TpPUTPAHHUKA
BU3HAYAIOTHCA 3a JOMOMOI0I0 KiHeMaTuuHUX piBHSAHB Elnepa [1]:
@, =y'sin @sin g+ 6'cosp;
@, =y'sin @cosp —0'sin g; 1)
®, =y'CosO + ¢,

ne ¢, v, 0 — kytu Elnepa.

3 nudepeHItiaaTbHOl reoMeTpii BiJTOMO [2)], 110

w, =0, O, = 0 i W, = K. Micns MiJICTAaHOBKK IUX 3Ha4YeHb y (1) 1
5 . ’ [ !
pO3B’si3aBIIK BiTHOCHO @', ' I B’ ojpep uMo:
d sin dé d sin
Y 622, ——=0C0S¢; k-2 (2)
ds sin ds ds tgo

HagiTth as HainpocTiioro Bunaaky Koy K i o — cram BenuuuHu (To0To
3aJlaHa KpWBa — TBUHTOBA JIiHis), nudepeHiianbHl piBHSIHHS (2) HE BIAETHCS
npointerpyBati. OTKe 3aIEKHOCTI 9=¢(s), w=w(s) | 6=0(s) NOTPiOHO ITyKaTH
YHCENbHUM 1HTerpyBaHHSAM. CaMy X HampsIMHY KPHUBY 3HaXOJASTh MOJAIBIITUM
YHCEIBbHUM IHTETPYBaHHIM BiIOMHX BHpa3iB [3]:

X :_[(COSWCOSgo —sin y sin @ cos ) ds;

y = .[ (sin y cos ¢ + cosy sin p cos 6) ds; ®3)
2= [sin psin O ds.

AHaJi3 ocTaHHIX AocjaiIKeHb i myOaikanii. [CHYIOTh 1HIIN TiAXO0IU J0
o0yIOBH MTPOCTOPOBUX KPUBHUX, PO3IIIHYTI B Tpaisix [4 — 6] 1 Ha moBepxHi [7].
B mpai [8] 3anmponoHoBano mepexin Bia piBHsHb K=K(S) 1 f=f(s), ne f — Kyt
niaiioMy KpHBOi, 10 TapaMeTPUUHUX:
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X ZICOS

I—Mds cos Bds;
cos

I—M ds |cos S ds;
cos

y:jsin (4)

z=[sin gds.

Jiis nesixux 3anesxxHocteir K=K(S) 1 f=pf(s) napamerpuuHi piBHIHHS (4)
BJIAE€THCS MPOIHTETPYBATH, TOOTO OTPUMATH iX B KIHIIEBOMY BUTJISII.

dopmyJ0oBaHHA Wijlell Ta 3aBAaHHA cTtarTi. Po3poOuTn aHamiTHIHUN
croci0 3ruHaHHs Topca aedopmairiero pedpa 3BOpOTY, 33JIaHOTO 3AICKHOCTIMU
HOro.

OcHoBHa yactuna. [Ipu f=const napameTpudHi piBHAHHS (4) OMUIIYTh
KpUBY YKOCY 13 CTajiuMm KyToM miaiioMy. KpuBa yKkocy 13 CTajaow KPUBHUHOIO
k=const € rBUHTOBOIO JIiHI€IO0 CTAJIOr0 KPOKy. Po3risHemMo moOy10By KpHUBOI 13
CTaJIOI0 KPUBHMHOIO 1 JIIHIMHOIO 3aJIEKHICTIO 3pOCTaHHs KyTa migiomy f=a-s, ae
a — crana BequuuHa. [licas MiaCTaHOBKU LMX 3aJIEKHOCTEH Yy (4) 1 4aCTKOBOTO
IHTErpyBaHHS OTPUMAEMO:

vk? —a’® T a _
x:jcosascos ——Injtg| —+—=s ||| ds;
a 4 2

y_IcosaSSin Bln tg(z.FESj dS
4 2 ’ (5)

a

Ccos as
-
B pesynbpTaTi 4ncenbHOro IHTErpyBaHHs PiBHSAHB (5) Oyno moOyI0BaHO
kpuBy s k=1 1 a=0,04 npu 3MmiHi ayru S B Mexkax S =0...15 (puc. 1).

N
2
1.5

8
ﬁ 1
x 0.5
Jof £
0
2F<> 4 05 0 05 1

a o
Puc. 1 Ilpoexkiii KpuBOi CTaI01 KPUBUHU 1
3 MHIHHUM 3aKOHOM 3pPOCTaHHSI KyTa MiIHOMY:
a) ppoHTaTBHA TIPOEKIIIS; 0) ropu30HTaIbHA TIPOCKITIS
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Ha puc. 1, @ BugHO, 1m0 KyT migiloMy KpuBOi £ 3pocTae Mo Mipi
301bIIeHHS i1 BUCOTH. Bi3bMeMoO mpocTopoBy KpuBY (4) B poui pedpa 3BOpoTy i
CKJIaIeMO TapaMeTpUyHl PIBHSHHS TOpca B 3arajbHoMy BuUTIAAl. Hampsimmai
KOCHHYCH TPSMOJIHIMHOI TBIPHOT 3HaineMo au(epeHIitoBaHHSIM PIBHSHb (4).
OTpuMaHuil TaKUM YMHOM BEKTOpP € OJAMHUYHUM, OCKUIBKM KpHBa OIMMCaHA Y
byHKil foB)UHU 1yTH S. [lapameTpuuHi piBHSHHS TOpca BaHI/IHIyTBCSI

X =jcos I—Mds cos S ds+ucos S cos I k* - p" ds
cos f3

cosﬂ
Y_Ism[_[st cos B ds + U cos Bsin I cosﬁ ds |; (6)

YA :jsin pds+usin g,

Je U — apyra 3MiHHA TTOBEPXHI — JIOBKHUHA MPSIMOJIIHINHOI TBIpHOT, BIJITIK SKO1
MMOYMHAETHCS BiJ] TOUKH Ha PeOpi 3BOPOTY.

3HaiiieMo mnepiry KBaApaTU4YHy ¢GopMy MOBepxHi. YacTWHHI MOXigH1
noBepxHi (6) OyayTh:

5 p-srin il [ )= [ )
J Jid} Jke-p? { [ Ji J (7)

+ Uy k? =

a—Y_(cosﬂ ug'sin B sm[
oz

62 =sin S +up'cos f.

%—cosﬂco{'[ p dsj

ou cos f

aY . ’kz _ﬂlz .

— =CO0Ss sin j—ds :

ou cos (8)
oz )

— =sin B.

ou P

3HaxoAMMO KOe(PIIiEHTH MEePIIoi KBaIpaTUIHOI (HOpMHU:

(asz (8YT (az]z _
=l— |+ — | +| — | =1
ou ou ou

_0X oX oY oY oL 0L _

—+— ;
T ou as au 65 ou os (9)

2
G= 8_X + 8_Y 2] Z1vue,
oS oS oS

[lepmia kBagpaTuHa (popma 3aMUILIETHCA:
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dS? = Edu? + 2Fduds+Gds® = du? + 2duds+(1+u’k?)ds®>.  (10)

o xBaapatnunoi ¢opmu (10) He BxomuTh 3anmexHIicTh L=f(s). Lle
O3Hauae, MmO Tpu OyIap-sAKid 3a’exHOCTI f=pf(s) piBHAHHA (6) ONMUCYIOTH
3TUHAHHS OJHOTO 1 TOTO X Topca. [Ipu npomy 3anexHicTh K=K(S) 3amumaerbes
HE3MIHHOIO, TOOTO HE3MIHHOI 3aJMIIAETHCA KpHWBHHA pedpa 3BOPOTY B
3QJICKHOCTI BiJl JOBKUHU JTYTH.

Hpuxknamu. [Tapamerpuuni piBHAHHS (6) JaIOTh MOXJIUBICTH OYIyBaTH
TOPCU — 3TMHAHHS OAHIET 1 TIET )K MOBEPXHI MPHU PIZHUX 3ICKHOCTIX f=L(s) 1
He3MiHHIN 3anexHocTi K=K(S).

[Mpuknan 1. CoyaTKy po3rITHEMO HAaWIPOCTIIINK BUIAIOK — K=CONst i
f=const. 3rigHO PiBHSAHb (6) MICIS IHTErpYBaHHA OTPUMYEMO IMAapaMETPUYHI
PIBHSIHHSI TOpCA-TENIIKOi/Ia B KIHIIEBOMY BUTJISIII:

X::aBﬁsm ks + U CO0S kS;
k cos 3 cos
Y =— cos CoS ks +usin s ; (11)
k cos B cospg -

Z =ssin g +usin .
3BaXkarouM Ha Te, 110 KpUBMHA I'BUHTOBOI JIHII cTaja, K 1 KPUBOI Ha
puc. 1, To 111 KpUBI MOXKYTh OyTH peOpOM 3BOPOTY JIBOX TOPCIB, SIKI 3THHAIOTHCS
OJIMH Ha OJTHOTO MPH YMOBI, 0 KpUBUHM piBHI. Ha puc. 2 mobymoBaHi Topcu
reikoiny 3a piBHAHHAMU (11) 1s pi3HUX KyTIB iaoMy peOpa 3BOpPOTY MpH
oro noBxuHi 15 nmiHiHUX omuHulb. [lpu p=0 piBuauas (11) omnwucyroTh
PO3TOPTKY.

Puc. 2. ®poHTanbHi MPOEKIlii TOPCIB TEIKOi B, SKi 3rHHAIOTHCS OJIUH Ha
OJIHOTO, 3MIHOIO KyTa MiIiioMy pedpa 3BOpOTy:
a) KyT miaiiomy f=17°, 0) kyT miaomy f=34°

[Tpuknaz 2. [ToOyayemo Topc, it SIKOTO peOpOM 3BOPOTY € KpUBaA CTAJIO1
KPUBHMHHM 13 JIHIHHUM 3aKOHOM 3pOCTaHHS KyTa migiomy (puc. 1). Jlns ioro
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no0y10BH HEOOXiTHO 3aCTOCOBYBATH YUCENbHI METOAHM, 3 JOMOMOIOI0 SKHX 32
piBHsiHHSAMU (5) OyayeTscsi peOpo 3BOpPOTY. IHTEHCUBHICTH 3MIHHU KyTa fi=a-s
3aJeXUTh B BeNMWYMHM cTanoi a. Ha puc. 3 moOymoBaHi TOpcH Ui Pi3HHUX

3HAYEHb CTAJIOl d.
3 —

2.5

Puc. 3. ®poHTanbHi NPOEKIlli TOPCIB TEIKOi 1B, AKI 3rUHAIOTHCS OJIUH Ha
OJIHOTO, 13 JIIHIWHUM 3POCTaHHSM KyTa MiaioMy pedpa 3BOpOTY:
a) p=0,02s; 0) f=0,04s

[Ipu nomxkuH1 pebpa 3BOpoTy 15 NMHIMHUX OJUHUIL KyT Migdomy [y
BepxHIi Tourli ctaHoBUTH 0,3 pan. (puc. 3,a) 1 0,6 pax. (puc. 3, 6), Todto 17° 1
34°. Bci 300paxkeHl TOpCH MOXYTh OyTH 3ITHYTI OAWH Ha OJHOTO, OCKUIbKU
KpUMBHHA iX peOep 3BOpoTy cTana 1 piBHA. [Ipouec 3ruHaHHS B MepLIOMY
BUNAAKY (puc. 2) 1 B Apyromy (puc. 3) HOCUTb pi3HUI XapakTep. s nepioro
BUMAJIKYy 3TMHAHHSA Topca Bi1IOYyBAa€TbCA OJHOYACHO MO BCId MOBEpPXHI 3
OJIHAKOBOIO 1HTEHCUBHICTIO, @ B IpyroMy — NoCTynoBo. Topc, 300pakeHuid Ha
PUCYHKY 2,3, MOX€ OyTH IPOJOBXKEHHSIM TOpCa, 300paXEHOro Ha PUCYHKY 3.a.
Kyt migitomy, sikuii 3poctae Big Hyns qo 17° (puc. 3, @), nam Oyae crajiwid
(puc. 3, a). Te s caMO CTOCY€ThCSI TOPCIB Ha puc. 2, 61 3, 6.

[Tpuknan 3. Po3rnsiHeMo mpukiian, KoM KPpUBHHA 1 KyT MiiiioMy pedpa
3BOPOTY € 3MIHHMUMH BeTUYMHaMU. BoHu BUOpaHi TakuM YMHOM, 1100 PiBHSHHS
(6) MoxxHA OyJ10 MOBHICTIO TpoiHTerpyBatu. 3anexknocti K=K(S) i f=f(s) MaroTh

HACTYIIHUWA BUTJIS:
V1+a?
k= R
1+a’s
KpuBa, 3amana HaTypanbHuMU piBHSHHSAMU (12), po3ramoBaHa Ha

HWTIHAPT OAMHUYHOTO paziyca. IlizcTaHoBKa IUX pIBHSHB 3 ypaxXyBaHHAM
MOX1/IHOT BUpa3y KyTa f B piBHSIHHS (6) IPUBOJUTH JO HACTYITHOTO PE3yJIbTaTy:

B = Arctg(as). (12)
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sin(ArCSinh asj L cos(ArCSinh as)
a Vi+a’s? a
y cos(ArCSinh as)_ u sin(ArCSinh as)_
a V1+a’s? a
V1+a’s? L uas
a Ji+a’s?
Ha puc. 4 3a piBusausiMu (13) moOyoBaHi TOPCU MPHU PI3HUX 3HAUCHHSX
cTajiol a.

7 —

/A

“

a o 8
Puc. 4. ®poHTanbHI NPOEKIIi TOPCIB 3 peOPOM 3BOPOTY Ha IIMIIIHJIPI,
noOy10BaH1 3a napaMeTpUYHUMHU piBHSHHAMU (13):
a) a=0,3; 0) a=0,6; B) a=0,9

[Ipu 3ruHanHl TOpca, pPedOpPO 3BOPOTY SKOTO 3ajaHe HATypaIbHUMU
piBHsiHHSMU (12), BOHO nepopMy€eThCs, 3aMUIIalOYUCh Ha TTOBEPXHI IMIIIHJIPA.
Axmo 3amatd 1HIIY 3aKOHOMIPHICTH 3MIHM KyTa MiIiioMy, TO BOHO Oyje
nedhopMyBaTHUCS TIO 1HILIOMY.

BucHoBku. YTpaBisITH 3rHHAHHSAM TOpca MOXHA 3MIHOIO CKPYTY HOTro
pedpa 3BOpOTY, MpHU LILOMY 3aKOHOMIPHICTh KPUBUHHU Y (QYHKLIT JOBXKUHHU AYTH
3aIMIIAETHCS HE3MIHHOK. OHAaK nepexiJl BlJ HaTypaJIbHUX PIBHSAHb KPUBHHH 1
CKpyTy peOpa 3BOpPOTY A0 MapaMETPUYHUX 3B’A3aHUN 13 CKJIAJHOLIAMU
IHTErpyBaHHA 1 MPAKTUYHO HE MOXXE OYTH JOBEIECHUU J0 KIHLEBOTO BUIJISAY.
3amiHa HaTypaJbHOTO PIBHSIHHS 3aJI€KHOCTI CKPYTY BIJl JOBXKHMHU JyI' Ha
3aJIEKHICTh KyTa MiAHOMY BiJ LBOTO X MapaMeTpa 3HAYHO MOJIETIIye TaKuu
nepexia. Jlus fAeskux BUMAAKIB TNapaMeTpUyHl PIBHSHHS TOPCIB MOXHA
oTpuMaTH B KiHIeBoMy Burisial. Lle no3Bosse OyayBaTh HOro mnpoOMIXKHI
MIOJIO’KEHHS IPU 3TUHAHH1 0€3 3aCTOCYBaHHS YUCEIbHUX METO/IB.
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CONTROL OF THE BENDING OF THE TORSO BY CHANGING THE
DEPENDENCE OF THE ANGLE OF RISING OF ITS BACK RIB

A spatial curve can be specified by two natural equations: the dependence
of the curvature and the dependence of the twist on the length of its arc. If such
a curve is taken as the edge of the torso turn, then its bending can be controlled
by changing the curvature of the curve, since the curvature does not change.
However, in practice, such bending is difficult to implement, since there is no
simple transition from the natural equations of the spatial curve to the
parametric ones. Such a transition requires numerical methods for solving a
system of differential equations. It is possible to approach the solution of this
question in a different way, namely to replace the dependence of the twist on the
length of the arc of the curve with the dependence of the angle of elevation also
on the length of the arc of the curve. In this case, the formulas for the transition
from natural equations to parametric ones are greatly simplified and in some
cases do not require numerical integration.

The article uses just such an approach for constructing torsos. The
parametric equations of the torso in its general form are presented, in which the
turning edge is a spatial curve, given by the dependence of the curvature and the
angle of elevation on the length of its arc. It is shown that by changing the
regularity of the angle of elevation, the process of bending the torso can be
controlled. At the same time, the expression of the first quadratic form was
found, which does not include the dependence of the angle of elevation of the
turning edge, but only the dependence of its curvature. This indicates that it is
possible to transform the back edge in different ways, that is, to bend the torso,
and at the same time the first square shape remains unchanged. A well-known
example of the bending of a helicoid torso by a discrete change in the elevation
angle of its reverse rib is given. Torso-helicoid bending by changing the
elevation angle of the turning rib according to the linear law is also
demonstrated. Numerical methods were used for this. The resulting torso is no
longer a torso of the same inclination of the generators. An example of bending
of the torso is also given, in which the curvature and the angle of elevation of
the turning rib are variable dependences on the length of the arc. They are
selected in such a way that they allow obtaining intermediate positions of the
torso during its bending with the help of equations in the final form. Examples
are given, visualization of the obtained results is carried out.

Keywords: curve; association; torse; arc; arris; flection.
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